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Abstract. We introduce hyperelliptic simplified (more generally, directed) broken Lefschetz fibra- 
tions, which is a generalization of hyperelliptic Lefschetz fibrations. We construct involutions on 
the total spaces of such fibrations of genus g > 3 and extend these involutions to the four-manifolds 
obtained by blowing up the total spaces. The extended involutions induce double branched cover- 
ings over blown up sphere bundles over the sphere. We also show that the regular fiber of such a 
fibration of genus g > 3 represents a non-trivial rational homology class of the total space. 



1. Introduction 

A broken Lefschetz fibration is a smooth map from a four-manifold to a surface which has at most 
two types of singularities, called Lefschetz singularity and indefinite fold singularity. This fibration 
was introduced in pQ as a fibration structure compatible with near-symplectic structures. 

A simplified broken Lefschetz fibration is a broken Lefschetz fibration over the sphere which sat- 
isfies several conditions on fibers and singularities. This fibration was first defined by Baykur [3]. 
In spite of the strict conditions in the definition of this fibration, it is known that every closed ori- 
ented four-manifold admits a simplified broken Lefschetz fibration (this fact follows from the result 
of Williams [15] together with a certain move of singularities defined by Lekili [12] ) . For a simplified 
broken Lefschetz fibration, we can define a monodromy representation of this fibration as we define 
for a Lefschetz fibration. So we can define hyperelliptic simplified broken Lefschetz fibrations as a 
generalization of hyperelliptic Lefschetz fibrations. Hyperelliptic Lefschetz fibrations have been stud- 
ied in many fields, algebraic geometry and topology for example, and it has been shown that the total 
spaces of such fibrations satisfy strong conditions on the signature, the Euler characteristic and so on 
(see e.g. [9]). So it is natural to ask how far total spaces of hyperelliptic simplified broken Lefschetz 
fibrations are restricted or what conditions these spaces satisfy. The following result gives a partial 
answer of these questions: 

Theorem 1.1. Let f : M — > S 2 be a genus-g hyperelliptic simplified broken Lefschetz fibration. We 
assume that g is greater than or equal to 3. 

(i) Let s be the number of Lefschetz singularities of f whose vanishing cycles are separating. Then 
there exists an involution 

oj: M -> M 

such that the fixed point set of u) is the union of (possibly nonorientable) surfaces and s isolated 
points. Moreover, uj can be extended to an involution 



uj : AftjsCP 2 -> Af tJsCP 2 
l 



2 



KENTA HAYANO AND MASATOSHI SATO 



such that MflsCP /oj is diffeomorphic to 5f)2sCP 2 , where S is S 2 -bundle over S 2 , and the 
quotient map 

/uj : MjjsCP 2 " -> M$s~aF /w SpsCti? 

is the double branched covering, 
(ii) Let F £ M be a regular fiber of f . Then F represents a non-trivial rational homology class of 
M, that is, [F] ^ in H 2 (M;Q). 

Remark 1.2. Theorem 11.11 can be generalized to directed broken Lefschetz fibrations, which are 
broken Lefschetz fibrations over the sphere satisfying certain conditions on singularities (cf. Theorem 

S3). 

The statement (i) in Theorem 11.11 is a generalization of the results of Fuller [7] and Siebert-Tian 
|14) on hyperelliptic Lefschetz fibrations. Indeed, they proved independently that, after blowing up s 
times, the total space of a hyperelliptic Lefschetz fibration (with arbitrary genus) is a double branched 
covering of a manifold obtained by blowing up a sphere bundle over the sphere 2s times, where s is the 
number of Lefschetz singularities of the fibration whose vanishing cycles are separating. Fuller used 
handle decompositions and Kirby diagrams to prove the above statement, while Siebert and Tian used 
complex geometrical techniques. We also use handle decompositions to prove the statement (i) in 
Theorem ll.il but our method is slight different from the one Fuller used; ours can give an involution 
of the total space of a fibration explicitly and this explicit description is used in the proof of the 
statement (ii) in Theorem ll.il 

Auroux, Donaldson and Katzarkov [1 showed that a closed oriented four-manifold M admits a 
near-symplectic form if and only if M admits a broken Lefschetz pencil (or fibration) / which has a 
cohomology class h £ H 2 (M) such that h(E) > for every connected component of every fiber of /. 
Moreover, for a broken Lefschetz fibration / satisfying the cohomological condition above, we can take 
a near-symplectic form 9 so that all the fibers of / are symplectic outside of the singularities. Since 
every fiber of a simplified broken Lefschetz fibration is connected, we obtain the following corollary. 

Corollary 1.3. Let f : M — > S 2 be a hyperelliptic simplified broken Lefschetz fibration of genus g > 3. 
Then there exists a near-symplectic form 9 on M which makes all the fibers of f symplectic outside 
of the singularities. 

Since the self-intersection of a regular fiber of a broken Lefschetz fibration is equal to 0, we also 
obtain: 

Corollary 1.4. A closed oriented four-manifold with definite intersection form cannot admit any 
hyperelliptic simpified broken Lefschetz fibrations of genus g > 3. 

We emphasize that the condition g > 3 in the above statements is essential. Indeed, it is proved 
in p] that 5 4 and jjnCP 2 (n > 1) admit genus-1 simplified broken Lefschetz fibrations. Since every 
simplified broken Lefschetz fibration with genus less than 3 is hyperelliptic, these examples mean that 
Corollary II .31 and II .41 do not hold without the assumption g > 3. 

It is shown in [1 OJ that a simply connected four-manifold with a positive definite intersection form 
cannot admit any genus-1 simplified broken Lefschetz fibrations except S 4 . In particular, jjnCP 2 
(n > 1) cannot admit any genus-1 simplified broken Lefschetz fibrations. However, we prove the 
following theorem. 



FOUR-MANIFOLDS ADMITTING HYPERELLIPTIC BROKEN LEFSCHETZ FIBRATIONS 



3 



Theorem 1.5. For each n>0, jjnCP 2 admits a genus-2 simplified broken Lefschetz fibration. 

The above theorem also means that Corollary II .41 does not hold without the assumption on genus. 
Moreover, it is easy to see that the fibration in Theorem 11.51 cannot be compatible with any near- 
symplectic forms although jJnCP 2 (n > 1) admits a near-symplectic form. 

In general, a genus-g simplified broken Lefschetz fibration can be changed into a genus- (g + 1) 
simplhed broken Lefschetz fibration by a certain homotopy of fibrations, called flip and slip (for the 
detail of this homotopy, see e.g. [2]). Therefore, for any g > 3, we can easily construct genus-g 
simplified broken Lefschetz fibrations on S* 4 , jJrtCP 2 and ftnCP 2 (n > 1). However, these fibrations are 
not hyperelliptic because of Corollary II .41 

In Section [21 we review the definitions of broken Lefschetz fibrations and simplified ones. We also 
review the basic properties of monodromy representations of broken Lefschetz fibrations. After re- 
viewing the hyperelliptic mapping class group, we give the definition of hyperelliptic simplified broken 
Lefschetz fibrations. In Section [3l we prove a certain Lemma on the subgroup of the hyperelliptic 
mapping class group which consists of elements preserving a simple closed curve c. This lemma plays 
a key role in the proof of Theorem 11.11 In Section 21 we give the proof of Theorem 11.11 In Section [5J 
we construct a genus-2 simplified broken Lefschetz fibration on jjrtCP 2 (n > 1) to prove Theorem II .51 

2. Preliminaries 

2.1. Broken Lefschetz fibrations. We first give the precise definition of broken Lefschetz fibrations. 

Definition 2.1. Let M and E be compact oriented smooth manifolds of dimension 4 and 2, respec- 
tively. A smooth map / : M — > E is called a broken Lefschetz fibration (BLF, for short) if it satisfies 
the following conditions: 

(1) f- 1 (dZ) = dM; 

(2) / has at most the two types of singularities which is locally written as follows: 

• {z\,Z2) i— > £ = z\Z2, where {z\,Z2) (resp. £) is a complex local coordinate of M (resp. 
E) compatible with its orientation; 

• (t,xi, x 2 ,x 3 ) n- (yi,y 2 ) = (Mi 2 + ^2 2 - x 3 2 ), where (t, xt, x 2l x 3 ) (resp. (yi,y 2 )) is a 
real coordinate of M (resp. E). 

The first singularity in the condition (2) of Definition 12.11 is called a Lefschetz singularity and the 
second one is called an indefinite fold singularity. We denote by Cf the set of Lefschetz singularities 
of / and by Zf the set of indefinite fold singularities of /. We remark that a Lefschetz fibration is a 
BLF which has no indefinite fold singularities. 

Let / : M — > S 2 be a BLF over the 2-sphere. Suppose that the restriction of / to the set of 
singularities is injective and that the image f(Zf) is the disjoint union of embedded circles parallel to 
the equator of S 2 . We put f{Zf) = Z\ II • • • II Z m , where Zi is the embedded circle in S 2 . We choose 
a path a : [0, 1] — > S 2 satisfying the following properties: 

(1) Ima is contained in the complement of /(C/); 

(2) a starts at the south pole p s € S 2 and connects the south pole to the north pole p n £ S 2 ; 

(3) a intersects each component of f{Zj) at one point transversely. 

We put {qi} = ZiP\ Ima and a{ti) — q^. We assume that qi, . . . , q m appear in this order when we go 
along a from p s to p n (see Figure [T]) . 
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Figure 1. The example of the path a. The bold circles describe f(Zf). 

The preimage / _1 (Ima) is a 3-manifold which is a cobordism between f~ 1 {p s ) & n d f~ 1 (p n )- By the 
local coordinate description of the indefinite fold singularity, it is easy to see that f~ 1 (a([0,t i + e])) 
is obtained from f~ 1 (a([Q,ti — e])) by either 1 or 2-handle attachment for each i = 1, ...,m. In 
particular, we obtain a handle decomposition of the cobordism / _1 (Ima). 

Definition 2.2. A BLF / is said to be directed if it satisfies the following conditions: 

(1) the restriction of / to the set of singularities is injective and the image f{Zf) is the disjoint 
union of embedded circles parallel to the equator of S 2 ; 

(2) all the handles in the above handle decomposition of / _1 (Ima) is index-1; 

(3) all Lefschetz singularities of / are in the preimage of the component of S 2 \ (Z\ II ■ ■ • II Z m ) 
which contains the point p n . 

The third condition in the above definition is not essential. Indeed, we can change a BLF / which 
satisfies the conditions (1) and (2) so that it satisfies the condition (3) (cf. Baykur [3])- 

For a directed BLF /, we assume that the set of indefinite fold singularities of / is connected and 
that all the fibers of / are connected. We call such a BLF a simplified broken Lefschetz fibration. For 
a simplified BLF /, Z f is empty set or an embedded circle in M . If Z j is not empty, the image f{Zf) 
is an embedded circle in S 2 . So S 2 \ Intz//(Z/) consists of two 2-disks D\ and D 2 and the genus of 
the regular fiber of the fibration res/ : f~ l (D\) — > D\ is just one higher than that of the fibration 
res/ : / _1 (I?2) D 2 - we call f^ 1 (Di) (resp. f~ 1 (D 2 )) the higher side (resp. lower side) of / and 
f^ 1 (vf(Zf)) the round cobordism of /. By the definition, all the Lefschetz singularities of / are in 
the higher side of /. We call the genus of the regular fiber in the higher side the genus of /. 

In this paper, we will use the abbreviation SBLF to refer to a simplified BLF. 

2.2. Monodromy representations. Let / : M — > B be a genus-g Lefschetz fibration. We denote 
by Cf = {z\, . . . ,z n } the set of Lefschetz singularities of / and put yi = f(zi). For a base point 
Ho G B \ f{Cf), a homomorphism Qf : Tti(B \ /(C/),yo) ~~ ► M- gi called a monodromy representation 
of /, can be defined, where M. g = Diff + E g / Diff Jl] g is the mapping class group of the closed 
oriented surface S g We endow the C°° topology with Diff + E 9 and then Diff is the component 
of Diff + E s containing the identity map. (the reader should refer to [5] for the precise definition of 
this homomorphism). 
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We look at the case B = D 2 . For each i = 1, . . . , n, we take an embedded path en c D 2 satisfying 
the following conditions: 

• each cti connects yo to yi\ 
. a t n f(C f ) = {Vi\; 

• 014 H Q!j = {y }, for all j 7^ j; 

• ai, . . . , a n appear in this order when we travel counterclockwise around j/o- 

For each i = l,.,.,n, we denote by £ 7Ti(-D 2 \ f(Cf),Vo) the element represented by the loop 
obtained by connecting a counterclockwise circle around y^ to yo by using o^. We put Wf = 
(gf(ai),...,gf(a n )) £ -Mg n - This sequence is called a Hurwitz system of /. By the conditions 

on paths ot\, . . . , a„, the product £?/(ai) Qf{ a n) is equal to the monodromy of the boundary of 

D 2 . It is known that each gf(ai) is the right-handed Dehn twist along a certain simple closed curve 
Ci, called a vanishing cycle of the Lefschetz singularity Zi (cf. [llj or |13j). 

Remark 2.3. Wf is not unique for /. Indeed, it depends on the choice of paths ai,...,a n and 
the choice of the identification of f^ 1 (yo) with the closed oriented surface E g . However, it is known 
that another Hurwitz system Wf is obtained from Wf by successive application of the following 
transformations: 

• (. . . , gi, gt+ij ...) 1— >■(... , gi+i, gi+i~ 1 gigi+i, . . .) and its inverse transformation; 

• (91, ■ ■ ■ ,9n) {h~ 1 g 1 h, h^ 1 g n h), 

where gi,h € M. g (cf. [S]). Two sequences of elements in Ai g is called Hurwitz equivalent if one is 
obtained from the other by successive application of the transformations above 

Let / : M — > S 2 be a genus-g SBLF with non-empty indefinite fold singularities. We denote 
by Mh the higher side of /. Then the restriction res/ : Mh — > D 2 is a Lefschetz fibration over 
D 2 . So a monodromy representation and a Hurwitz system of res/ can be defined and are called a 
monodromy representation and a Hurwitz system of /, respectively. We denote them by g ^ and Wf. 
For the Lefschetz fibration res/ : Mh — > D 2 , we choose a base point yo and paths ai, . . . , a n as in the 
preceding paragraph. We also take a path a : [0, 1] — > S 2 satisfying the following conditions: 

• a starts at the base point yo and connects yo to a point in the image of the lower side of /; 

• for each i = 1, . . . , n, a n 01% = {yo}', 

• a intersects the image f(Zf) at one point transversely; 

• Iman f(Cf) = 0; 

• ax, . . . , a n , a appear in this order when we travel counterclockwise around yo- 

We put q = a(t) <= Ima n f{Zf). The preimage f~ 1 (a([0,t + s])) is obtained from the preimage 
/^ 1 (a([0, t — e])) = f^ 1 (po) x [Q,t — e] by the 2-handle attachment. We regard the attaching circle c 
of the 2-handle as a simple closed curve in f~ 1 (po) — We call this simple closed curve a vanishing 
cycle of the indefinite fold singularity of /. 

Lemma 2.4 (Baykur [3]). The product Qf(ax) Qf( a n) is contained in A4 g (c), where A4 g (c) is 

the subgroup of the group M. g which consists of elements represented by a map preserving the curve 
c, that is, 

M g (c) = {[T]eM g \T(c) = c}. 

For an element i/j £ Ai g (c), we take a representative T £ ip so that T preserves the curve c. Then 
T induces the homcomorphism T : T, g \ c — > E 9 \ c and this homeomorphism can be extended to the 
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homeomorphism T : S g -i — > by regarding £ g \c as the genus-(<? — 1) surface with two punctures. 
Eventually, we can define the homomorphism $ c as follows: 

$ c : Mg(c) > Mg-l 

V. = [T] .— > [f]. 

Remark 2.5. Let c C E 9 be a separating simple closed curve. We can regard S ff \ c as the disjoint 
union of the two once punctured surfaces of genus h and g — h. So we can define the homomorphism 
<I> C : M g (c) — > Mh x Mg-h as we define <& c for a non-separating curve c, where M g (c orl ) is the 
subgroup of M g (c) which consists of elements represented by maps preserving c and its orientation. 

Lemma 2.6 (Baykur [5]). The product Qf(ai) Qf{<hi) * s contained in the kernel of<& c . Conversely, 

if simple closed curves c, C\, . . . , c n C S 9 satisfy the following conditions: 

• c is non-separating; 

• t Cl t Cn e Ker$ c , 

then there exists a genus-g SBLF f : M — > S 2 such that Wf — (t Cl , . . . , t Cn ) and a vanishing cycle of 
the indefinite fold of f is c. 

2.3. The hyperelliptic mapping class group. Let E s be a closed oriented surface of genus g > 1. 
Denote by l : S s — > E g an involution described in Figure [2] 



d 




Figure 2. the hyperelliptic involution on the surface E g . 

Let C(i) denote the centralizer of l in the diffeomorphism group Diff+ S s , and endow C(t) C 
Diff+ Yi g with the relative topology. The inclusion homomorphism C(t) — > Diff + E 9 induces a natural 
homomorphism 7ToC(i) — > between their path-connected components. 

Theorem 2.7 (Birman-Hilden [5]). When g > 2, the homomorphism ttoC(l) — ¥ Ai g is infective. 

Denote the image of this homomorphism by Hg for g > 1. This group is called the hyperelliptic 
mapping class group. In fact, they showed the above result in more general settings later. See [5] for 
details. 

A Lefschetz fibration is said to be hyperelliptic if we can take an identification of the fiber of a 
base point with the closed oriented surface so that the image of the monodromy representation of 
the fibration is contained in the hyperelliptic mapping class group. So it is natural to generalize this 
definition to directed (and especially simplified) BLFs as follows: Let / : M — > S 2 be a directed 
BLF. We use the same notations as we use in the argument before Definition 12.21 We take a disk 
neighborhood D C S 2 \ f(Zf) of p n so that /(C/) is contained in D. We put = a ^k+h±±^j 
(i = 1, ... ,m — 1) and r m = p n . Let di C f~ l {ri) be the vanishing cycle of Zi determined by a. 
Once we fix an identification of f~ 1 (r m ) with E gi II • • • II S 9fc , we obtain an involution ij on f~ l (r ;) 
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induced by the hyperelliptic involution on f (r m ) since we can identify f~ 1 (ri-\) \ {two points} 
with \ di by using a. f is said to be hyperelliptic if it satisfies the following conditions for a 

suitable identification of / _1 (r TO ) with E 9l II • • • II E 9fc : 

• the image of the monodromy representation of the Lefschetz fibration res / : f~ 1 (D) — > D is 
contained in the group H g ; 

• di is preserved by the involution Li up to isotopy. 

In this paper, we will call a hyperelliptic SBLF HSBLF for short. 

Remark 2.8. Every SBLF whose genus is less than or equal to 2 is hyperelliptic since W g = M. g and 
all simple closed curves in E 9 is preserved by i if g < 2. 

2.4. Handle decompositions. Let / : M — > S 2 be a genus-g SBLF and Mh (resp. M r and Mi) 
the higher side (resp. the round cobordism and the lower side) of /. Then res/ : Mh — > D 2 is a 
Lefschetz fibration over the disk. We choose yo £ D 2 and OKI) • • • 5 Otn C D 2 as in subsection 12.21 Let 
D C Int D 2 \Cf be a disk whose boundary intersects each path on at one point transversely. Denote by 
u>i £ dD the intersection between dD and tti and by Cj C f^ 1 (wi) a vanishing cycle of the Lefschetz 
singularity in the fiber f^ 1 (yi). 

Theorem 2.9 (Kas [H]). M/j is obtained by attaching n 2-handles to f^ 1 (D) = D x E 9 whose 
attaching circles are C\ , . . . , c„ and framings of these handles are — 1 relative to the framing along the 
fiber. 

We call R x = [0,1] x D A x D 3 ~ A /((1, x 1; a; 2 , £3) ~ (0, ±xi, X2, ±Xa)) a (4-dimensional) round 
X-handle (A = 1,2) and X 4 U v i? A a 4-manifold obtained by attaching a round A-handle to the 4- 
manifold X 4 , where ip : [0, 1] x dD x x _D 3_A / ^— > <9X is an embedding. A round handle R x is said 
to be untwisted if the sign in the equivalence relation is plus and twisted otherwise. 

Theorem 2.10 (Baykur |3J. Mh U M r is obtained by attaching a round 2-handle to Mh- Moreover, 
a circle {t} x dD 2 x {0} in the attaching region of R 2 is attached along a vanishing cycle of indefinite 
fold singularities of f . 

We remark that the isotopy class of the attaching map <p : [0, 1] x dD 2 x D 1 / ^— > dM^ is uniquely 
determined by a vanishing cycle of indefinite fold of / if the genus of / is greater than or equal to 
2. In particular, the total space of / is uniquely determined by a vanishing cycle of indefinite fold of 
/ and ones of Lefschetz singularities of /. if the genus of / is greater than or equal to 3. However, 
there exist infinitely many SBLFs of genus g < 2 such that they have the same vanishing cycles but 
the total spaces of them are mutually distinct (see [4] or |10|). 

Round 2-handle attachment is given by 2-handlc attachment followed by 3-handle attachment (cf. 
[5]). So we obtain a handle decomposition of Mh U M r by the above theorems. Since Mi contains no 
singularities of /, the map res / : Mi — > D 2 is the trivial £ g _i-bundle. In particular, Mi = D 2 x 
and we obtain a handle decomposition of M = MhUM r UMi. Moreover, we can draw a Kirby diagram 
of M by the decomposition (For more details on this decomposition and corresponding diagram, see 

ED- 

We also obtain a handle decomposition of the total space of a directed BLF / : M —> S 2 by the 
same argument as above. Indeed, we can decompose M into D 2 x (E 9l II- • -IIE 9m ), n\ 2-handles, n% 
round 2-handles and D 2 x (E/ u II • • • II Eft m ), where n\ is the number of the Lefschetz singularities of 
/ and n% is the number of the components of the set of indefinite fold singularities of /. 
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3. A SUBGROUP T-Lg(c) OF THE HYPERELLIPTIC MAPPING CLASS GROUP WHICH PRESERVES A 

CURVE C 

Let c be an essential simple closed curve in the surface Y> g which is preserved by the involution 
i G Diff + Yi g as a set. Let "Hg (c) denote the subgroup of the hyperelliptic mapping class group defined 
by H g (c) := Tig n M g (c). As introduced in Theorem 12. 71 the hyperelliptic mapping class group 
Jig is isomorphic to the group consisting of the path-connected components of C(i). Hence, the 
group 'Hg(c) consists of the mapping classes which can be represented by both of elements in the 
centralizer C(l) and elements in Diff+(£ 9 , c). Let T-L s g {c) denote the subgroup of ttqC(l) defined by 
Hg(c) := {[T] G ttqC(l) I T(c) = c}. In this section, we will prove the following lemma. 

Lemma 3.1. Let g > 2. The natural isomorphism ttqC(l) — > Jig in Theorem \2.7\ restricts to an 
isomorphism between the groups H g (c) and H g (c). 

To prove the lemma, It is enough to show that the homomorphism maps H s g {c) onto H g (c). Let 
[T] be a mapping class in 7i g (c). We can choose a representative T : S g — > S g in the centralizer 
C(t). Since it is isotopic to some diffeomorphism on E s which preserves the curve c, the curve T(c) 
is isotopic to c. 

We call an isotopy L : S g x [0, 1] —> S 9 is symmetric if and only if L (*, t) G C(t) for any t € [0, 1]. 
In the following, we will construct a symmetric isotopy L : S g x [0, 1] — > E s satisfying 

L(* 5 0) = T, and L(c, 1) = c C S s . 

It indicates that 1) represents an element in H s g (c), and [L(*, 1)] = [T] G 7roC(t). Hence, we see 
that the homomorphism H g (c) — > H g {c) is surjective. 

To construct the symmetric isotopy L : S g x [0, 1] — > S s , we need a proposition, so called the bigon 
criterion. 

Proposition 3.2 (Farb-Margalit Proposition 1.7 [6 ). Let S be a compact surface. The geometric 
intersection number of two transverse simple closed curves in S is minimal if and only if they do not 
form a bigon. 

We may assume that the curves c and T(c) are transverse by changing the diffeomorphism T in 
terms of some symmetric isotopy. Since c and T(c) are isotopic, the minimal intersection number of 
them is 0. Hence, there exist bigons such that each of their boundaries is the union of an arc of c and 
an arc of T(c). Choose an innermost bigon A among them. 

Let a be the arc c n <9A and /3 the arc T(c) D dA, respectively. Since A is a bigon, the endpoints 
of them coincide. Denote them by {xi, X2} G dA. 

Lemma 3.3. 

Int A n (T(c) U c) = 

Proof. If the set Int A n c is non-empty, there exists an arc of c in A which forms an bigon with the 
arc f3. Since the bigon A is innermost, it is a contradition. We can also show that Int A n T(c) = 
in the same way. □ 

Note that the bigon t(A) is also innermost. By Lemma l3~3l we have A n t(A) = dA n di(A). 

Lemma 3.4. 

dAndi(A) c {x x ,x 2 }. 
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Proof. Since da = d/3 = a n f3 = {xi, £2}, it suffices to show that Inta n 96(A) = Int j3 n di(A) = 0. 
Since a (1 T(c) = {xi,X2}, we have Inta n i(/3) = 0. Next, we will show that Inta H Intt(a) = 0. 
We assume Inta n Inti(a) 7^ 0. Since c is simple and contains a and t(a), a and t(a) must coincide. 
In particular, we have da = dc(a). So j5 U t(/3) forms a simple closed curve, and this curve is null- 
homotopic because both of the arcs (3 and i(/3) are homotopic to a = t(a) relative to their boundaries. 
Since T(c) is simple and contains j3 and t(/3), T(c) and (3 U must coincide. This contradicts that 
T(c) is essential. In the same way, we can show that Int j3 Pi di(A) = 0. □ 

Let denote the fixed point set of the involution 1 on E s . 

Lemma 3.5. If c is non-separating, the set c n T, L g consists of 2 points, and 

c nEj = T(c)nsj. 

If c is separating, 

cfl Sg = T(c) n = 0. 

Proof. Endow the curves c and T(c) with arbitrary orientations. 

First, consider the case when c is a non-separating simple closed curve. In this case, the curve T(c) 
is also non-separating. They represent nontrivial homology classes in f/i(E s ; Z). Since the involution 
b acts on iJi(E 9 ; Z) by —1, it changes the orientations of c and T(c). Hence, both of the sets cH T, L g 
and T(c) fl E^ consist of 2 points. 

We will show that T(c) n E^ = cH E^. Since c and T(c) are isotopic, the Dehn twists t c and ^t(c) 
represent the same element in T-L g . The mapping classes \P([£ C ]) and ^([ir(c)]) in A^q S+2 permute the 
branched points p(c n E^) and p(T{c) n E^), respectively. Hence, the sets p(c fl E^) and p{T(c) n E' ) 
coincide. It shows that cflE^ T(c) n E* . 

Next, let c be a separating simple closed curve. Since t preserves the orientations of the subsurfaces 
bounded by c or T(c), it also preserves the orientation of c and T(c). In general, if an involution acts on 
a circle preserving its orientation, it does not have a fixed point. Hence, we have cflSj = T(c) n E^ = 
0. □ 

Proof of Lemma \3.1[ Let c be a non-separating curve. By Lemma 13.51 the geometric intersection 
number of c and T(c) is at least 2. Hence, there is an innermost bigon A. By Lemma 13.41 the 
cardinality jj(A n t(A)) is equal to 0, 1, or 2 as shown in Figure [3] 




Figure 3. Left: jj(A n t(A)) = 0. Center: (t(A n t(A)) = 1. Right: (j(A n t(A)) = 2. 
The bold curves describe the curves T(c). 

Firstly, assume that fl(Aru(A)) = 0. In this case, there is a symmetric isotopy L\ : E g x [0, 1] — > E g 
such that 0) is the identity, and 1) collapses the bigon A as in Figure^ Therefore, we can 
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decrease the geometric intersection number of c and T(c) by 4 by replacing the diffeomorphism T by 
Li(*,l)T. 




Figure 4. 

Secondly, assume that |)(A PI t(A)) = 1. In this case, we also have a symmetric isotopy L2 : 
S g x [0, 1] — > Yi g which decreases the geometric intersection number by 2 as in Figure [5j Note that 
A n t(A) is a branched point, and L-ii*, t) fixes it for any t G [0, 1]. 




After replacing the diffeomorphism T in these two cases, the branch points {xi,^} remains in 
c n T(c). Hence, if we repeat to replace T, the case when jj(A n t(A)) = 2 will definitely occur. In 
this case, there is a symmetric isotopy L3 : T, g x [0, 1] — > T, g such that 

2/3(*,0) is the identity map, 
LaCS, 1) = as 
L 3 W/3),l)=t(a), 

as in Figure [BJ It indicates that 1)T preserves the curve c. By combining these isotopies, we 

have obtained a desired symmetric isotopy. 




Figure 6. 
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Next, let c be a separating curve. If the geometric intersection number of c and T(c) is 0, the curves 
c and T(c) bound an annulus A. Since t acts on A without fixed points, Aj (t) is also an annulus. 
Hence, we can make a symmetric isotopy which moves T(c) to c. 

Assume that the geometric intersection number is not 0. Since we have cHEj = T(c) n E ff = 0, the 
cardinality jJ(A H t(A)) 7^ 1. By Lemma 1X^1 we have j}(A n t(A)) = or 2. By the same argument as 
in the case when c is non-separating, we can collapse the bigons A and t(A). □ 

4. An involution on HSBLF 
In this section, we prove Theorem ll.il 

Proof of (i) in Theorem \l.l[ Let / : M — > S 2 be genus-g > 3 HSBLF, ci,...,c„ C E g vanishing 
cycles of Lefschetz singularities of / and c C E g a vanishing cycle of indefinite fold singularities of /. 
We assume that c\ , . . . , c n and c are preserved by the involution 1 : E 9 — > E g . By the argument in 
subsection 12.41 We can decompose M as follows: 

M = D 2 x E g U (h{ H ■ • • H h 2 n ) U R 2 U D 2 x S 9 _i, 

where /if = £> 2 x Z) 2 is the 2-handle attached along the simple closed curve {p{\ x Cj G x E g and 
i? 2 is a round 2-handle. We first prove existence of an involution 10 by using the above decomposition. 

Step 1: We define an involution w\ on D follows: 

wi = id x 1 : D 2 x E 9 — >■ D 2 xE 9 

(z,ic) 1 — > (z,l(x)). 

In the following steps, we will define an involution on each component in the above decomposition of 
M which is compatible with the involution oj\ . 

Step 2: We next define an involution ui2,i on the 2-handle h 2 attached along {qi} X Cj C dD 2 x E g . 
We will abuse the notation by denoting the attaching circle {qi} x a by a. 
We take a tubular neighborhood vci in {qi} x E ff and an identification 

v Cl -S 1 x [-1, 1] 

so that Ci = S 1 x {0}. We assume that the standard orientation of S 1 x [—1, 1] corresponds to the 
orientation of {qi} x E g . We take a sufficiently small neighborhood I qi of in 3D 2 as follows: 

7 9i = {q, ■ exp(v^I#) e € [-ei, ei]}, 

where ei > is a sufficiently small number. Moreover, we identify the neighborhood I qi with the unit 
interval [—1, 1] by using the following map: 

[-1,1] ^ /« 

UJ UJ 

s 1 — > q% ■ exp(v /= l6is). 
We regard I 9i x [—1,1] the subset of C by the following embedding: 

/ 9i x[-l,l] {z G C| |Rez| < 1, |Imz| < 1} 

UJ UJ 
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We put J = {z e C| |Rez| < 1, |Imz| < 1}. The orientation of dD 2 x E g is reverse to the natural 
orientation of J x S 1 . So the attaching map of the 2-handle h 2 is described as follows: 

(Pi : dD 2 x D 2 — > J xS 1 C dD 2 x E 9 

(101,102) 1 — ► (e 2 w 2 wi,wi), 

where e 2 > is a sufficiently small number. We remark that the map ipi is orientation-preserving if 
we give the natural orientation of dD 2 x D 2 . 

Case 2.1: If is non-separating, we can take a tubular neighborhood vci = 5 1 x [— 1, 1] so that the 
involution U\ acts on uci as follows: 

(*,*) >— ► («,-*)■ 
Since the involution uj\ :D 2 xS 9 ^D 2 x S g preserves the first component, uj\ acts on I qi xvci = JxS 1 
as follows: 

LOlljxS 1 '■ JxS 1 — > JxS 1 

w o 
(21,22) 1 — >■ (21,22). 
We define an involution w 2 ,» on the 2-handle hf as follows: 

w 2 ,» : D 2 xD 2 — > D 2 xD 2 

{wi,w 2 ) 1 — > (m,w2)- 

Then the following diagram commutes: 

8D 2 x D 2 dD 2 x D 2 



JxS 1 JxS 1 . 
So we can define an involution uj\ U uj 2 ,i on the manifold D 2 x S g U Vi hf. 

Case 2.2: If Cj is separating, we can take a tubular neighborhood = S 1 x [—1,1] so that the 
involution u>i acts on as follows: 

wi| VCi : S'M-M] — ► S'xhM] 

O W 

(z,t) .— ► (-z,t). 
Then wi acts on I qi x vci = J x S 1 as follows: 

wiljxsi: ^x5 [ ^ JxS 1 
w 01 
(21,22) 1 — ► (21,-22). 

We define an involution co 2 ,i on the 2-handle ft-f as follows: 

u 2 ,i : D 2 x D 2 — > D 2 xD 2 

(101,102) 1 > (-101,-102). 
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Then the following diagram commutes: 

QD 2 x D 2 J2±+ dD 2 x D 2 



JxS 1 



^ JxS 1 . 

So we can define an involution ui\ U u>2,i on the manifold D 2 x S g U Vi h 2 . 

Combining Case 2.1 and Case 2.2, we can define the involution d>2 — Wi U (^2,1 U ■ ■ ■ U W2. n ) on the 
4- manifold Mh — ML) (Iif II • ■ ■ II /i 2 ). Before giving an involution on the round 2-handle, we look 
at the E s -bundle structure of dMh- The projection nh : dMh — > dD 2 of this bundle is described as 
follows: 



■K h (z,x) = Z 



((z,x) e dD 2 x S 9 \ (Hlnt^&D 2 x D 2 )), 



TTh(wi,W2) = q_% ■ exp(-\/— Tei£2(Reu;i Reu)2 — ImtOi Imw2)) ((101,102) € D 2 x 9£> 2 C <9/i 2 ). 

Indeed, the map 7T/j is well-defined. To see this, we only need to verify the following equation: 

qi ■ exp(y/— lei£2(Re wi Re 102 — Ivawi Imro2)) = pi <fii(w\, 102), 

where (101,11)2) € D 2 xdD 2 C d/1 2 andpi : J x 5 1 — > 7 9i is the projection. Pi 0^(101,102) is calculated 
as follows: 

Pl Oip i (w 1 ,W 2 ) = Pl(S2W 2 Wi,Wi) 

= qi ■ exp(\/^l£i Re (£2U)2Wi)) 
= qi ■ cxp(V— lei£2(Re wi Re W2 — Iniwi Imu^)) 
So we can verify that tt^ is well-defined. 

Lemma 4.1. The involution o>2 preserves the fibers of n^. Moreover, there exists a lift X of the 
vector field — exp(^J —W) by the map 717, which is compatible with the involution u} 2) that is, 



de 



Cj 2 *{X)=X. 



Proof of Lemma \4-l\ To show that UJ2 preserves the fibers of 717, , it is sufficient to prove nh ^2 = 717, • 
This equation can be proved easily by direct calculation. 

To prove existence of a lift X, we construct X explicitly. We define a vector field X\ on dD 2 x 
S g \ Qltp^dD 2 x D 2 ) as follows: 



X 1 (exp(V^ie ),x) = —exp(^19) 



^ ^ 1 (cxp(\/^T6l ),x)(^-O 2 X ^fl)l 



for a point (exp(V^T# ), %) G <9£> 2 x E 9 \ (II Int ^ (dD 2 x D 2 ). Then Xl is described in J x S 1 as 
follows: 

1 .9 



Xi(a + *V-M) = — 

£1 os 



6W,*)( JXS1 )' 



We also define a vector field X 2 on D 2 x dD 2 c <9/i 2 as follows: 



X 2 (iOi,io 2 ) 



£»(l™i| ) 



£l£ 2 tol 



X\- 



d 







i-e(KI 2 ) 



:r 2 



_9_ 

9a; 1 



2/2 



9x 2 9y 2 y £i£2 

where iOj = Xi + j/^V — 1 and g : [0, 1] — > [0, 1] is a monotone increasing smooth function which satisfies 
the following conditions: 
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• g(t) = for t e [0, i] ; 

• g(t) = 1 forte [|,1]. 

Then, for (1111,11)2) G (3-D 2 X <9-D 2 , d(pi(X2(wx, w^)) is calculated as follows: 
efy>i(-X 2 (wi,'!/J2)) 

=dw (^( Sl ^" tf1 ^)) (vKI = i) 

= — ^— sirf^i f tt - ) —yidifi \-^— 

£l£ 2 \OX 2 J £l£ 2 V°2/2 

1/9 <9\ 1 / d 



=—Xi x 1 —+y 1 — yx -yi^-+xiT- 

£i \ os at J ex \ os c/i 

1/2 2n 9 

£l OS 

=Xx(ipi(wx,w 2 )). 

Hence we can define a vector field X — X\ U X 2 on the manifold dMh- Moreover, it can be shown 

that X\ and X 2 is a lift of the vector field — exp(\/— 16) by the map tt^. Thus, the vector field X is 

do 

a lift of — exp(\/— 10). We can show that the vector field X is compatible with the involution u>2 by 
direct calculation. This completes the proof of Lemma 14.11 

□ 

We choose a base point qo £ dD 2 \ (ILT gi ) and define a map Ox : / _1 (9o) - > / _1 ( ( Zo) as follows: 

6.x- (x) = cx, K (27r), 



where c^^ is the integral curve of the vector field X constructed in Lemma 14.11 which satisfies 
cx,x(0) — x. We identify / _1 (<7o) with the surface E 9 via the projection onto the second component. 
Then the map Ox is contained in the centralizer C(t) C Diff + T, g since the vector field X is compatible 
with u) 2 . The isotopy class represented by Ox is the monodromy of the boundary of In particular, 
this class is contained in the group H g (c). By Lemma [3.11 there exists an isotopy H t : S 9 — > S g 
satisfying the following conditions: 

• H Q = Ox; 

• Hx preserves the curve c as a set; 

• for each level t, H t is in the centralizer C(t). 

Thus, we obtain the following isomorphism as £ s -bundles: 

8M h Si [0,1] x £ fl /((l,aO ~ (0,fri(a:))). 

We identify the above S g -bundles via the isomorphism. Then the involution u 2 acts on dMh as 
follows: 

LU 2 (t,x) = (t,i(x)), 

where (t, x) is an element in [0, 1] x Ti g /((l,x) ~ (0,Hx(x))) = dM h . 

Step 3: In this step, we define an involution lo^ on the round 2-handle R 2 . Since c is non-separating 
and c is preserved by L, c contains two fixed points of the involution l. We denote these points by v\ 
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and V2- In addition, we can take a tubular neighborhood vc = S 1 x [— 1, 1] in S g so that the involution 
i acts on vc as follows: 

i(z,t) = (z,-t). 

By perturbing the map Hi , we can assume that Hi preserves the neighborhood vc. Then the attaching 
region of the round 2-handle R 2 is [0,1] x vc/((l,x) ~ (0,H 1 (x))). 

Case 3.1: If Hi preserves the orientation of c and two points v\ and v 2 , then the round handle R 2 
is untwisted and the restriction H\\ vc is described as follows: 

Hi(z,t) = (z,t), 

where (z,t) G S 1 x [—1,1] = vc. Moreover, the attaching map of the round handle is described as 
follows: 

if: [0, 1] x dD 2 x D 1 / ~ — > [0,1] x S 1 x [-1,1]/ ~ 
UJ w 
(s,z,i) i — X (s,2,i), 

where [0, 1] x dD 2 x D 1 is the attaching region of R 2 and [0, 1] x S 1 x [—1, 1] = [0, 1] x vc is the subset 
of dMh- We define an involution u 3 on the round handle as follows: 

uj 3 : [0, l]xD 2 x D 1 / ~ — x [0, l]xfl 2 x D 1 / ~ 

O 1 UJ 

I — x (s,z,-t), 

Then the following diagram commutes: 

[0, 1] x dD 2 x D 1 — [0, 1] x <9L> 2 x D 1 

[0, ljxS'x [-1, 1] — 52-> [0, l]xS'x [-1, 1]. 
Therefore, we obtain an involution <1> 3 = a) 2 U u; 3 on M/j U M r = Mh U i? 2 . 

Case 3.2: If Hi preserves the orientation of c but does not preserve two points Vi and i>2, then the 
round handle R 2 is untwisted and the restriction H x \ vc is described as follows: 

H 1 (z,t) = {-z,t), 

The attaching map of the round handle is described as follows: 

(p: [0, 1] x dD 2 x D 1 / ~ — X [0, 1] x S 1 x [-1, 1]/ ~ 

O 1 Ol 

(s, i — x (s, exp(7rv / — Ts)^, t). 
We define an involution w 3 on the round handle as follows: 

u 3 : [0, l]xD 2 x D 1 / ~ — X [0, 1] x L> 2 x D 1 / - 

UJ O 1 

(s, -z,t) i — x (s, exp(— 27r\/^Ts)z, — t), 

Then we can define an involution w 3 = a> 2 U w 3 on M/j U M r = M h U i? 2 by the same reason as in Case 
3.1. 
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Case 3.3: If Hi does not preserve the orientation of c but preserves two points v\ and V2, then the 
round handle R 2 is twisted and the restriction H\\ uc is described as follows: 

H 1 (z,t) = (z,-t), 

where (z,t) £ S 1 x [—1,1] = vc. Moreover, the attaching map of the round handle is described as 
follows: 

<p: [0,1] x dD 2 x D 1 / ~ — ► [0,1] x S 1 x [-1,1]/ ~ 

UJ UJ 

(s,z,t) i — > (s,z,t). 
We define an involution lo% on the round handle as follows: 

uj 3 : [0, l]xfl 2 x D 1 / ~ — > [0, 1] x D 2 x D 1 / ~ 

UJ UJ 

(s,z,t) i — > (s,z,-t), 
Then we can define an involution cl>3 = u)2 U <j->3 on U Af r = U i? 2 . 

Case 3.4: If Hi preserves neither the orientation of c nor two points v± and V2, then the round handle 
R 2 is twisted and the restriction H\\ uc is described as follows: 

JTi(M) = (-*,-*), 

where (z,t) G S" 1 x [—1, 1] = vc. Moreover, the attaching map of the round handle is described as 
follows: 

ip: [0, 1] x dD 2 x D 1 / ~ — -> [0, 1] x S 1 x [-1, 1]/ ~ 

UJ UJ 

(s,z, t) 1 — >• (s, exp(%^/—ls)z, t). 
We define an involution W3 on the round handle as follows: 

u 3 : [0, 1] x D 2 x D 1 / ~ — > [0, 1] x D 2 x D 1 / ~ 

UJ UJ 

(s, z,i) 1 — > (s, exp(— 27r\/— ls)z, — t), 

Then we can define an involution W3 = C02 U u->3 on U M r = Mh U i? 2 . 

Eventually, we obtain the involution £03 on Mh U M r in any cases. Next we look at E 9 _i-bundlc 
structure of d(Mh U M r ). The projection ir r : d(Mh U M r ) — > [0, l]/{0, 1} of this bundle is described 
as follows: 

7r r ( s ,x) = a ((s,x) G ([0,1] x X g /(l,x) ~ (0,fTi(a!))) \ ([0,1] x i/c/~)); 
7r r (s, z, i) = s ((s, z, i) G [0, 1] x D 2 x dD 1 ) . 

Indeed, it is easy to show that 7r r is well defined. 

Lemma 4.2. The involution uj 3 preserves the fibers of Tt r . Moreover, there exists a lift X of the 

vector field — on [0, l]/{0, 1} by the map n r which is compatible with the involution 0)3. 
as 

Proof of Lemma \4-2\ It is obvious that the involution uj 3 preserves the fibers of 7r r . We construct X 
as we do in Lemma f4.ll We define a vector field X\ on ([0, 1] x H g / ~J \ ([0, 1] x vc/ ~) as follows: 
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We first consider the case H\ preserves the points v\ and v 2 . Then we define a vector field X 2 on 
the round handle R 2 as follows: 

- d 
X 2 {s,z,t) = — , 
ds 

where (s, z, t) € [0, 1] x D 2 x 3D 1 C 9i? 2 . Then it is easy to show that dip ( — ] = — . Hence we can 

define vector field X = X\ U X 2 on U M r . It is obvious that X is a lift of the vector field — on 

ds 

[0, l]/{0, 1} by 7r r and is compatible with the involution uj 3 . 

We next consider the case Hi does not preserve the points v\ and v 2 . Then we define a vector field 
X 2 on R 2 as follows: 

- . , — - . d d d 

X 2 {s, x + yV-l, t) = — + iry- nx—, 

ds ox ay 

where (s, x + y^-l, t) e [0, l]xfl 2 x dD 1 C dR 2 . The differential dtp(X 2 (s, x + \/^ly, t)) is calculated 
as follows: 

d(p(X 2 (s,x + \f-iy,t)) 

( d d d 
=dlf {dS +7ry dx-- 7TX dy- 

d , d . d 

— — h 7r(— xsm ns — ycosirs)— h 7r(xcos7rs — y sin7rs) — 

ds dx dy 

( d . d\ ( . d d 

+ ny cos 7TS— \- sm7rs— — — ttx I — sm7rs— — h cos7rs— — 

\ dx dy J \ dx dy 

_ d 

ds 

=X 1 (<p(s,X + y/=ly,t)). 

Hence we can define a vector field X = X\ U X 2 on d(Mh U M r ). It is obvious that X is a lift of 

the vector field — on [0, l]/{0, 1} by 7r r . To verify that X is compatible with the involution ui 3 , We 
ds 

prove that the following equation holds for any points x € d(Mh U M r ): 

dwa^tx)) = X(u 3 (x)). 

If x is contained in [0,1] x S g / ~ \([0, 1] x vcj ~), the above equation can be proved easily. If 
x = (s, x + ^/— Ty,t) e [0, 1] x fl 2 x 9D 1 c 9i? 2 , then dui 3 (X(x)) is calculated as follows: 

du) 3 {X(x)) 

,~ , d n 

=dw 3 (— +7ry-r< ^-S - ) 

ds ax ay 

— — h 27r(— x sin 27TS — ycos27rs)— h 27r(— x cos 27rs + wsin27rs) — 

ds ox dy 

f^d ■ n d\ ( . n d „ 8 

+ ny cos 27ts— sin 2irs— — ttx — sin 27rs— cos 27rs— 

\ ox dy J \ ox dy 

d , ■ c r, \ / ^ ■ ^ \ 

=— — h 7r(— xsm27rs — ycos27rs)— — h it(—x coszns + ysmzns) — 
ds ox oy 

=X(u> 3 (x)). 

Thus, X is compatible with the involution lj 3 . This completes the proof of Lemma 

□ 
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We define the map 6^ : ir r 1 (0) — > n r 1 (0) as follows: 

where is the integral curve of X starting at x. We identify the fiber 7r~ 1 (0) with the surface 
£ 9 _i. Then the map 0^ is contained in the centralizer C(t) since X is compatible with 0)3. Moreover, 
0^ is isotopic to the identity map. By Lemma 12.71 we can take an isotopy H t : E 9 _i — » E g _i which 
satisfies the following conditions: 

• H = Ox; 

• Hi is the identity map; 

• H t is contained in the centralizer C(t). 

By using this isotopy, we obtain the following isomorphism as E 9 _i-bundle: 

d(M h U M r ) = [0, 1] x E fl _i/(l,a:) ~ (0,x). 
The involution (D3 acts on [0, 1] x E g _i/(l,a;) ~ (0, a;) via the above isomorphism as follows: 

uj 3 (s,x) = (s,i(x)). 

Step 4: We define an involution W4 on D 2 x E g _i as follows: 

cj 4 (z,x) = (z,t(x)), 

where € I? 2 x E fl _i. Then it is obvious that the following diagram commutes: 

[0, 1] x S fl _i/ [0, 1] x E 9 _r/ ~ 



<i> 



<i> 



5L> 2 x E ff _i — ^ 3D 2 x E fl _i, 

where $ is the attaching map between M r and D 2 xE 9 _i, which is given by $(s, x) = (exp(27iV— Is), £)■ 
Hence we obtain an involution uj — £3 U W4 on M. 

We next look at the fixed point set of to. ui is equal to id x 1 on D 2 x E fl . So we obtain: 

Af U £ 2 x E g = D 2 x . . . , W25+2 }, 

where , «2g+2 G S ff are the fixed points of c. We remark that M w U D 2 x E g has the natural 

orientation derived from the orientation of D 2 . 
uj acts on the 2-handle hf = D 2 x D 2 as follows: 



uj(wi,w 2 ) = 



(wi , W2) (cj:non-separating), 
(—101,-102) (ci -.separating), 



where (101,102) € D 2 x D 2 . So the fixed point set h 2U is equal to (D 2 fl M) x (D 2 n R) if c, is non- 
separating and is equal to {(0, 0)} if Cj is separating. Furthermore, if is non-separating, we can give 
an orientation to (D 2 DM.) x (D 2 DM.) which is compatible with the orientation of D 2 x {vi, . . . , ^29+2}- 
Hence the fixed point set My^ is the union of the oriented surfaces and the s points, where s is the 
number of Lefschetz singularities of / whose vanishing cycle is separating. 
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Oj(s, Z, t) 



uj acts on the round 2-handle R 2 as follows: 

(s,z, —t) (if H\ preserves the two points V\ and V2), 

(s, exp (— 2n\J — ls)z, —t) (otherwise), 
where (s, z, t) E R 2 = [0, 1] x D 2 x D 1 / — . So we obtain: 

[0, 1] x (D 2 n M) x {0}/ ~ (if H\ preserves the two points v% and v 2 ), 

{(s, z, 0) € i? 2 I z = r exp (— 71V — Is), r G [— 1, 1]} (otherwise). 



Therefore, the fixed point set R 2 " is equal to the annulus or the Mobius band. Moreover, it is easy to 
show that the 2-dimensional part of the fixed point set (M/, U M r ) u does not admit any orientations 
even if R 2 " is equal to the annulus. So (M/, U M r ) u is the union of the unorientable surfaces and the 
s points. 

uj is equal to id x 1 on D 2 x So the fixed point set (D 2 x S s _i) w is equal to £> 2 x {fii, . . . , U2 ff }, 

where {fix, ■ ■ ■ , fi 2 g} = £g-i'- Eventually, M w is the union of the closed surfaces and the s points. The 
2-dimensional part of M u is orientable if / has no indefinite fold singularities and is not orientable 
otherwise. This completes the proof of the statement in Theorem 1 1.1 1 on the fixed point set of u. 



We next extend the involution uj to the manifold ATjjsCP 2 . We assume that the curves Ck ± , ■ ■ ■ , Ck s 
are separating. We construct the manifold MftsCP 2 by blowing up M s times at (0,0) € h 2 . (i = 
1, . . . , s). In other word, MjJsCP 2 is decomposed as follows: 

MflsCP 2 = D 2 x E g U (h 2 iU h - hs U hi) U {h kl II • • • II h ks ) U R 2 U D 2 x 



where /i fei = {((wi,w 2 ), [h : Z 2 ]) <E D 2 x D 2 x CP 1 | wiZ 2 - w 2 h = 0} ^ /i fc ,ttCP 2 . We define an 



involution w on MftsCP 2 as follows: 



E7(x) =x (x € MjJsCP 2 \ (h kl U---Uh ks )), 

uj((wi,W2), [h ■ h}) =((—wi,—W2), [h ■ h]) (((wi, w 2 ), [h ■ h]) e h ki )- 

It is obvious that uj is an extension of uj. The fixed point set of uj is the union of the 2-dimensional 
part of M u and s 2-spheres. 

We next prove that MjlsCP 2 /ZU is diffeomorphic to S§2s<CP 2 , where S is an ^-bundle over S 2 . 
Since is diffeomorphic to S 2 , it is easy to see that D 2 x T, g /uJ is diffeomorphic to D 2 x S 2 . So 
MftsCP 2 is obtained by attaching hj/uJ (j ^k\,..., k a ), h k Juj, R 2 /uj and D 2 x S s _i/oJ = D 2 x S 2 
to £> 2 x .S 2 . 

Lemma 4.3. Suppose that Ci is non-separating. Then, 

(D 2 x E g U Vl h 2 )/ZJ = D 2 xS 2 . 

Proof of Lemma If we identify hf = D 2 x D 2 with D 4 , then ZD is equal to the covering transfor- 
mation of the double covering D 4 — > D 4 branched at the unknotted 2-disk in D 4 . In particular, we 
obtain h 2 /ZJ = D 4 . Moreover, the attaching region of hf corresponds to the 3-disk in dD 4 = dhf/TD. 
Denote by Zpl : hfjuj^r 3D 2 x S ff /ZU the embedding induced by ip\. Then we obtain: 

(D 2 x Eg U Vt hf)luj S (D 2 x Sg/w) U— hf/uj 
= D 2 x S 2 \\D 4 
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This completes the proof of Lemma 14.31 

□ 



Lemma 4.4. For each i e {1, . . . ,s}, (D 2 x E g U Vi h%_)/W = D 2 x 5 2 jj 
Proof of Lemma \4-4\ By eliminating the corner of D 2 x I? 2 , we identify h 2 , with the following space: 
ff = {((wi,w 2 ), [h ■ h]) €D 4 x CP 1 | wih ~ w 2 h = 0}. 

By the above identification, the attaching region of h\. corresponds to the tubular neighborhood of 
the circle {((wi,0), [1 : 0]) G dH \ \w\\ = 1} in dH. Let p 2 : ff -t CP 1 be the projection onto the 
second component. Then p 2 is the £> 2 -bundle over the 2-sphere with Euler number —1. We define 
Di,D 2 C CP 1 and local trivializations tpi and ip 2 of p 2 as follows: 

D\ ={[h ■ h] G CP 1 | |ii|>|I 2 |}, 
D 2 ={[h ■ h] G CP 1 | \l 2 \ > \h\}, 

ipi: D 2 x D 2 — > P^iDi) 

UJ UJ 



(Wl,W 2 ) I > =(1, W%), [1, Mil 




V> 2 : f? 2 x L> 2 — > P^CAi) 

UJ UJ 



(wi,t0 2 ) i — > =(wi, 1), [wi, 1] 




Denote p 2 (-Di) and p 2 (D2) by ffi and H 2 , respectively. We identify ffi and H 2 with D 2 x D 2 by 
the above trivializations. Then ff can be identified with D 2 x f? 2 D 2 x D 2 , where $ = V']" 1 ^2 : 
(wi,w 2 ) 1 — !• ( — , wiw 2 ). We remark that the attaching region of ff corresponds to dD 2 x D 2 C dH±. 

Wl 

We define H = Hi U 4 ff 2 , where H, = D 2 x D 2 (i = 1, 2) and § : <9D 2 x L> 2 -> d£> 2 x D 2 is a 
diffcomorphism defined as follows: 

*(W1,J1I 2 ) = (— ,Wl 2 W2)- 

Then we can define V : if — >• if as follows: 

(wi,w;2 2 ) G ffi ((wi,w 2 ) G ffi), 



V(wi,w 2 ) 



(wi,w 2 2 ) G ff 2 ((ttfi,^) G -ff 2 ). 



The map "P is a double branched covering branched at the 0-section of ff as a D 2 -bundle. Moreover, 
d) is the non-trivial covering transformation of V. So we obtain H/uj = ff . 

Since the attaching region of ff is mapped by V to D 2 x <9f) 2 C dffi , we can regard ffi and H 2 as 
2-handles. Thus, (D 2 x S g U Vi h 2 .)/uj is obtained by attaching the 2-handles ffi and H 2 to D 2 x S* 2 . 
To prove the statement, we look at the attaching maps of Hi and H 2 . 

We take an identification vc^ = J x S 1 as we take in Step 2 of the construction of to. Then the 
attaching map ipk t of the 2-handle ft, 2 , satisfies (pki(wi,w 2 ) = (e 2 w 2 w\, w{). Since ff is obtained by 
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eliminating the corner of h\ , The attaching map of Hi is described as follows: 



$ : dHi D D 2 x dD 2 
(w>i, w 2 ) 

For an element (21,22) G J X S 1 , 07(^1,^2) = (zi, 



— > J x S 1 
o 

► (ff2W2 2 Wl, W 2 ). 

-z 2 ). So we obtain J x S^/uJ = JxS 1 and the 



quotient map /o3 : J x S 1 J x S 1 /ZJ = J x S 1 satisfies /ul(zi,Z2) — (zi,z 2 2 )- Thus, the attaching 
map $ : D 2 x dD 2 — > J x S 1 of Hi satisfies $(wi,W2) = (e 2 w 2 wi, w 2 ). It is easy to see that the 
attaching circle of Hi is equal to the circle Ckju. Moreover, the framing of is —1 relative to the 
framing along {*} x S 2 C dD 2 x S 2 . 

By the definition of 'J', the attaching circle of Hi is equal to the belt circle of Hi, which is isotopic 
to the meridian of the attaching circle of H±. In particular, there exists the natural framing of the 
attaching circle of H 2 which is represented by the meridian of the attaching circle of Hi parallel to 
the attahcing circle of Hi- Since the Euler number of H as a Z? 2 -bundle is equal to —2, the framing of 
the attaching map ^Sf is equal to —2 relative to the natural framing. Therefore, we can draw a Kir by 
diagram of (D 2 x S s U Vi h 2 .)/ZJ as shown in Figure [7l It is obvious that this manifold is diffeomorphic 



to D 2 x 5 2 H2CP and this completes the proof of Lemma |4~4 





Figure 7. the — 1-framed knot describes Hi, while the — 2-framed knot describes H 2 - 



a 



By applying the arguments in Lemma 14.31 and 14.41 successively, we obtain M^jJsCP /uj = D 2 x 
S 2 i2sCF. 



Lemma 4.5. ((M h U M r )$sCP z )/ZJ S D 2 x S 2 psOT. 

Proof of Lemma\4--5\ We can decompose R 2 into two components as follows: 



R 2 



0, 



1 



x D 2 x D 1 U 



1 



-, 1 



x D 2 x D 1 . 



Denote [0, |] x D 2 x D 1 and [|, l] x D 2 x D 1 by Ri and i? 2 , respectively. It is easy to see that Ri/uJ 
is diffeomorphic to D 4 and Ri is the double covering of D 4 = Ri /oJ branched at the unknotted 2-disk. 

The attaching region of Ri is equal to [0, |] x dD 2 x D 1 . The quotient [0, \) x dD 2 x D 1 /uj is a 
3-ball in dD 4 = dR\. Thus, we obtain: 

(Mh URi)/uj = M h /uJU Ri/uj 



D 2 x 5 2 (|2sCP 2 t]£) 4 



D 2 x S 2 psi 
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The attaching region of R 2 is equal to [|, l] x dD 2 x D 1 U {|, 1} x £> 2 x D 1 . The quotient 
[5, l] x dD 2 x D 1 /W is a 3-ball Do in dD 4 = <9i?2, while {|, 1} x D 2 x D 1 /cJ is a disjoint union of two 
3-balls D1YLD2 in <9£> 4 . Both of the intersections DqHDi and DoDD 2 are 2-disks in <9£>o- Eventually, 
the attaching region of R 2 is a 3-ball in 3D 4 . So we obtain (M/, U R 1 U i? 2 )/SJ = D 2 x S^sCP 2 . 
This completes the proof of Lemma 14.51 

□ 

It is easy to see that I? 2 x Y, g _ 1 /ZJ is difeomorphic to D 2 x S 2 and attached to (M^ U M r )/uJ so 
that the following diagram commutes: 

(M h U M r ) /ZJ D S 1 xS 2 — -> d£> 2 x S 2 C L> 2 x S ff _i/w 

1 I 
s 1 — > az> 2 , 

where the upper horizontal arrow in the diagram represents the attaching map, the lower horizontal 
arrow represents the identity map and vertical arrows represent the projection onto the first component 
(In other word, the attaching map is a bundle map as a S^-bundle over S 1 ). In particular, we obtain: 

MIJsCF/aJ = SpsCP 2 ". 

It is obvious that the quotient map jX3 : AffjsCP 2 — > S'psCP 2 is a double branched covering. Thus, 
we complete the proof of the statement (i) in Theorem 11.11 

□ 

Proof of (ii) in Theorem \l.l\ Let ft C M be a regular fiber in the higher side of /. It is easy to see 
that Fh represents the same rational homology class of M as the one F represents. Let uj : M — > M be 
the involution constructed in the proof of (i) in Theorem ll.il If / has no indefinite fold singularities, 
that is, / is a Lefschetz fibration, then the 2-dimensional part of the fixed point set of the 
involution uj is an orientable surface and the algebraic intersection number between this part and F^ 
is equal to 2g + 2, especially is non-zero. So the statement (ii) in Theorem 1 1 . 1 1 holds . 

Suppose that / has indefinite fold singularities. We first prove that Fh represents a non-trivial 
rational homology class of Mh U M r . To prove this, we construct an element S in the group Ri(Mh U 
M r , d(Mh U M r ); Q) such that [Fh] ■ S 7^ 0. Let S be the intersection between the 2-dimensional part 
of M u and Mh, which is the union of compact oriented surfaces. We use the notations Hi, c, v\, w 2 
and R 2 as we use in the proof of (i) in Theorem ll.il 

Case 1: If H\ preserves the orientation of c and two points v\ and vi, then R 2 is untwisted and 
S <1 R 2 — {(s, ±1, 0) £ R 2 I s £ [0, 1]} is a disjoint union of two circles. We define four annuli A\, A2, 
A3 and A4 as follows: 

A x ={{s,t,0)£R 2 I s£ [0,l],te [0,1]}, 
A 2 ={(s,t,0)£R 2 |se[0,l],i€[-l,0]}, 
A 3 ={(*,0,f) £ R 2 I s € [0,1],* €[0,1]}, 
A 4 ={(s, 0, t) £ R 2 I s £ [0, 1], t £ [-1, 0]}. 

Then S = S U A x U A 2 U A 3 U A 4 represents the homology class of the pair (M h U M r ,d(M h U M r )) 
after giving suitable orientations to the annuli Ai, A 2 , A 3 and A4. We denote this class by S, then 
the intersection number S ■ [Fh] is equal to 2g + 2, especially is non-zero. 



FOUR-MANIFOLDS ADMITTING HYPERELLIPTIC BROKEN LEFSCHETZ FIBRATIONS 



23 



Case 2: If Hi preserves the orientation of c but does not preserve two points v\ and Ua, then R 2 is 
untwisted and S (1 R 2 — {(s,± exp (— 7rV^Ts), 0) G R 2 \ s G [0, 1]} is a circle. We define three annuli 
A 5 , A e and A 7 as follows: 

A 5 ={(s,texp(-7rV^Ts),0) G R 2 \ s G [0, 1], t G [0,1]} 

U{(s,-texp(— kV-1s),0) G i? 2 | a G [0,1], t G [0,1]}, 
A 6 ={(s,0,f)€E 2 | s€ [0,l],tG [0,1]}, 
A 7 ={( S ,0,t)ei? 2 | s G [0,l],tG [-1,0]}. 

Then S = S U A 5 U A 6 U A 7 represents the homology class of the pair (M h U M r ,d(M h U M r )) 
after giving suitable orientations to the annuli A$, A§ and Aj. We denote this class by S, then the 
intersection number S ■ [Fh] is equal to 2g + 2, especially is non-zero. 

Case 3: If Hi does not preserve the orientation of c but preserves two points v\ and V2, then R 2 is 
twisted and S H R 2 = {(s,±l,0) G R 2 \ s G [0,1]} is a disjoint union of two circles. We define three 
annuli Ag, Ag and A\q as follows: 

A 8 ={{s, t, 0) G R 2 | s G [0, 1], t G [0, 1]}, 
A> ={(s,t,0)Gi? 2 | sG [0,1], te [-1,0]}, 
Aio ={(«, 0, t) G i? 2 | s g [0, 1], i G [0, 1]} 

U {(s, 0, t) G i? 2 | s G [0, 1], i G [-1, 0]}. 

Then 5 = S U U Ag U Aiq represents the homology class of the pair (Mh U M r ,d(Mh U M r )) 
after giving suitable orientations to the annuli Ag, Ag and Aig. We denote this class by S, then the 
intersection number S ■ [Fh] is equal to 2g + 2, especially is non-zero. 

Case 4: If Hi preserves neither the orientation of c nor two points v\ and V2, then R 2 is twisted and 
S C\ R 2 — {(s, ± exp (— tp\/— Is), 0) G i? 2 | s G [0, 1]} is a circle. We define two annuli An and A12 as 
follows: 

An ={(s,£exp(-7rV^Is),0) G R 2 \ s G [0,l],tG [0,1]} 

U {(s,-iexp(-vry^Ts),0) G R 2 \ s G [0,1], t € [0,1]}, 

A12 ={(s,0,t) G -R 2 I s G [0, l],t G [0,1]}, 

U {(s, 0, t) G i? 2 I s G [0, 1], t G [-1, 0]}. 

Then S — SU AnU A12 represents the homology class of the pair (Mh UM r , d(Mh UM r )) after giving 
suitable orientations to the annuli An and A12. We denote this class by 5, then the intersection 
number S ■ [Fh] is equal to 2g + 2, especially is non-zero. 

Eventually, we can construct the element S satisfying the desired condition in any cases. So we 
have proved [F h ] ^ in H 2 (M h U M r ; Q). 

We are now ready to prove the statement (ii) in Theorem 11.11 There exists the following exact 
sequence which is the part of the Meyer- Vietoris exact sequence: 

H 2 (S 1 x E fl _i;Q) H 2 (M h U M r ;Q) © H 2 (D 2 x S 9 _i;Q) H 2 (M;Q). 
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Suppose that (ji — j 2 )([Fh], 0) = [Fh] = 0. Then there exists an element fi £ H^S 1 x S 9 _i;Q) such 
that (ii © *2)(m) = 0)- By a Kiinneth formula, we obtain the following isomorphism: 

H 2 (S 1 x E 9 _i; Q) S ff 2 (S 9 _i;Q) ffi (#i(E 9 _ i; Q) <g> ^(S 1 ; Q)) . 

Since the map i 2 : H 2 (S 1 x Q) -> H 2 (D 2 x S a _i; Q) = /f 2 (£ 9 _i; Q) is regarded as the projection 

onto the first component via the above isomorphism, /i is an element in f/i(£ 9 _i; Q) ® if^S 1 ; Q). 
The involution w acts on the component 7J 2 (£ 9 _i; Q) trivially and on the component 7Ji(I] 9 _i; Q) (g) 
F 1 (5 1 ;Q) by multiplying -1. So we obtain: 

= —/it. 

ii o cj» is equal to o i x since ii is induced by the inclusion map. Thus, we obtain: 

[F h ] =w.([F h ]) 
= o 
= ii o 

= i x o (-/x) = -[i^]. 

This means that 2[F h ] = in H 2 (M h U M r ;Q). This contradicts 7^ 0. Therefore, we obtain 
[Fh] ^ in H 2 (M; Q) and this completes the proof of the statement. 

□ 

Remark 4.6. By the argument similar to that in the proof of Theorem ll.li we can generalize Theorem 
11.11 to directed BLFs as follows: 

Theorem 4.7. Let f : M — > S 2 be a hyperelliptic directed BLF. Suppose that the genus of every fiber 
component of f is greater than or equal to 2. 

(i) Let si be the number of Lefschetz singularities of f whose vanishing cycles are separating. We 
define s 2 as follows: 

s 2 = max{s £ N | f^ 1 (x) has s components, x £ S 2 }. 

Then there exists an involution 

oj : M -> M 

such that the fixed point set of lo is the union of (possibly nonorientable) surfaces and s\ isolated 
points. Moreover, uj can be extended to an involution 

uj : MjjsiCP^ -> MjjsiCP 5 

such that MftsiCP 2 /uj is diffeomorphic to jJs 2 5)J2siCP 2 , where S is S 2 -bundle over S 2 , and the 
quotient map 

/uj : MUsiCP 2 MjjsiCP^/w = jjs 2 S't|2siCP 2 

is the double branched covering, 
(ii) Let F £ M be a regular fiber of f . Then F represents a non-trivial rational homology class of 
M. 
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5. A GENUS-2 SBLF STRUCTURE ON ftnCP FOR n > 

In this section, we prove Theorem 11.51 Let ci t x, 61,2, £2, £3, C4, £5 C £2,1 be simple closed curves 
described as in Figure [51 




Figure 8. 

We denote by t\ \, fi i2 , ?2, £3, i\i H S M.2,1 right-handed Dehn twists along the simple closed curves 
£i,ij £1,2, £2, £3, £4, £5, respectively. We define the simple closed curves Oi,j3j,jk C £2,1 as follows: 

on = (if • t~4~ i+1 )(c4) (iez), 
ft =iV(c 5 ) (jez), 

71 = (*2 -h-U- *g)(ci,i), 

72 = (*2 • *3 • 4)(ci,l). 

These curves are described as in Figure [5] 







Figure 9. 

We also define elements £, ? 2 € A^2,i as follows: 

e = (<4-t 5 ) 3 , 
^2 = (?5 ' 1 4 ■ H ' £2) 

= ■ t% ■ £3 ■ £4 • t 5 ■ ti ■ £3 • t% ■ £1,1. 

We remark that the element t 2 is a lift of the hyperelliptic involution t 2 € M.i and that the element 
£ is a lift of the clement £ 6 A4 2 which is represented by the element described as in Figure [TOT 
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fix half twist 

Figure 10. 



We can easily obtain the following formulas: 

h ■ tj = ij ■ l 2 (j = 2,3,4,5), 

h • tl,l = tl,2 ' ~ L 2- 

Lemma 5.1. ■ t^ 2 = l 2 • t^ 2 ■ t^\ ■ t^ 1 ■ t 3 2 ■ t 2 x ■ t^\ e Ker ($g 5 : M 2 ,i{h) -> A^i.i), 
where M. 2 lips) * s the subgroup of M. 2 i which is defined as follows: 

M 2 ,i{h) = {[T] G M 2 ,i\T(c 5 ) = h}- 
Proof. We first prove the equation by direct calculation. By the definitions of 71 and 72, we obtain: 

ty 1 = (t 2 • t 3 ■ <4 • t 5 ) 1 ■ tl,l ■ (t 2 ■ t 3 • ?4 • i 5 ), 
^72 = (*2 ' *3 " tl) 1 ' ?1,1 ' (?2 ' *3 ' ^4)- 

So we can calculate fcy. • is, as follows: 



= (?2 


■h 


h-i 2 )-' 


■ k,i ■ 


it 2 - 


h ' £4 ' £5) ' 


(i 2 ■ is • i*) -1 


' ' (*2 ' ^3 ' ti) 


= r 




' *3 ' *2 


1 • ik 


l-t 2 


' £3 ' £4 ' ^5y 


• f 4 1 • 1 3 1 • 1 2 


1 ■ ■ t 2 ■ t 3 ■ t. 


=r 


■*i 


' *3 ' *2 


1 • {h 


■ *r,l 


' *2 ' *3 ' 


f- 1 ) -f- 1 -f- 1 


' ^2 1 ' *X,1 ' t 2 ■ t 3 


= t 2 ■ 


r-2 
l 5 




■ (t, 1 


• *r,i 


' t 2 )'t 3 


■ i 4 • t 3 • (? 2 


1 ' ^1,1 • ^2) ■ <3 " *4 




r-2 
l 5 


• f- 1 • f- 1 






■ f- 1 ) ■ f- 1 


• *4 2 ' ^3 1 ' (*1 


1 • 1 2 ' £l,l) ' ^3 • 1 4 


= h ■ 


r-2 
l 5 


• f- 1 ■ f- 1 


• & 


• ^ 


■if) -if 


• ' t2 ■ ts) 


?4 • 


= h ■ 


r-2 
t 5 




■ it, 1 




■ t 2 ) • t i 


■ ih ■ ts ■ q 1 ) 




= h ■ 


r-2 

E 5 


l l,l L 2 


■ it-, 1 


■ r 


■^ 1 )"(«4 


1 • t 3 ■ h) ■ t 2 1 


*r,i 


= h ■ 


7-2 

c 5 


1.1 l 2 


■ its 1 


• it 


■ if) ■ (*3 


ti ■ i 3 ) • 1 2 




= h ■ 


r-2 

l 5 


■ f- 1 ■ f' 1 
b l,l L 2 


■tf- 


tf ■ 


f-1 . f-1 
t 2 (, 1:L . 







We next prove that the element l 2 ■ t 5 2 ■ t x \ ■ t 2 1 ■ t 3 1 ■ t 3 1 ■ t 2 1 ■ i x J is contained in the kernel of 
$g 5 : ^2,1(55) — > M.\,\- The elements £2, £5 and t^} • t^ 1 • t 3 x ■ t 3 l ■ t 2 l ■ i± \ are contained in the 
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group A^2,i(c5). It is obvious that $^(£5) = 1. We can calculate the product t^-t\- 1± as follows: 

1 4 ' ^5 ' 1 4 = 1 5 1 • (<5 • ?4 • £5) • (I5 • ?4 • £5) • ? 5 1 

(5.1) = tjf 1 ■ (h ■ t B ■ U) ■ (is ■ U ■ h) ■ t^ 1 

Since £ € ^2,1 (£5) and 3>c 5 (£) = 1, we obtain: 

®c s {h ■ t 5 2 ■ • t 2 1 • t 3 1 • t 3 1 • t 2 1 • ^ j) 

=$ g5 (r 2 ) • $ £5 (^ 2 ) • $ £5 (?rj • *2 1 • • <V • *a 1 • 

= ^c 5 (*1,1 • ?2 • ?3 " ?4 ' *5 ' *4 ' *3 " *2 ■ ' ^cs ' ^2 1 ' ^3 1 ' ^3 1 ' $2 ' *l,l) 

= $c 5 (tl,l • fa ■ *3) ■ $c 5 (*4 • t§ ■ fc) ' (*3 ' t2 ■ h,l) ■ $£ 5 (^j ' *2 * ' *3 1 ' *3 1 ' *2 1 ' 

=$ gB (ti, 1 • t 2 • t 3 ) • $ £5 (i 3 • * 2 • • *«(*r,i • £ 1 • *ir 1 • *s 1 • *a 1 • *z;i) 

=1. 



This completes the proof of Lemm dBTTl 

Lemma 5.2. fa -ts = £ ■ f^ 4 G Ker . 

Proof. By the definitions of the curves /3i,/3 2 j we obtain: 

iflj = ?4 ' 1 5 ' 1 4 > 
= ^4 ' f~5 • f~4- 

So we can calculate f^ • fg^ as follows: 

' = (* 4 ' *5 ' *4 ) ' (*4 1 ' ^5 ' £*) 

= 1 5 1 ■ f 4 ■ f 5 • t~ 5 • 1 4 ■ 1 5 1 

= t5 2 -|-?5 2 (byCSU) 
= £-r- 

Since 3>£ 5 (i~5) = 1 and 3>g 5 (£) = 1> the element £ • f^ 4 is contained in the kernel of $f 
Lemma 5.3. For s > 3, 



□ 



□ 



^ai • t& 2 'o s _2 ' ^8,_i ' ^8_i — £ ' ^5 ^ ^ Ker$ C5 . 

Proof. We denote by P s € A^2,i the left side of the equation in the statement of Lemma [5.31 Then 
the following equations hold: 

P s = P s _x ■ • t^" 1 ■ f 5s _ 2 • t h _ t ■ t- _J {S > 4). 

So, by Lemma 15.21 it is sufficient to prove the following equation: 
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We prove this equation by direct calculation. By the definitions of the curves a% and /3j , we obtain: 

± _ (72 r-i+ls-1 7 72 2-i+l 
b cti — ' ("4 ; ' t 4 ' <-5 ' L 4 j 

t~ = P. ■ f.K ■ f ^3 

j3j ~ 4 L 5 <-4 ■ 

So we can calculate i / g_ 1 _1 ■ */j 3 _ 2 _1 ' *a»- 2 ' ' f /3_i as follows: 

=(t 4 - 1 • q 1 ■ u) ■ (t s 4 - 2 ■ *v . t 4 - s+2 ) . «t§ . f^r 1 . * 4 . ti . t 4 - s+3 ) . (*r 1 . t B . t 4 - s+i ) ■ fc 1 • h ■ u) 

=£4 • £g " £4 • ^5 • £ 4 ^ • t 4 ' t g • • • • t& • 1 4 • ^5 * £4 

= (^4 1 ' ^5 1 ' ^4 X ) ' ?5 1 ' ^4 1 ' *5 2 ' ^4 • ^5 • *4 • ^5 • (*4 S ' ^5 • ^4) 
= (*5 1 ' *4 1 ' *5 ) ' ^5 1 ' *4 1 ' h 2 ' ^4 ' ' t 4 ■ t 5 ■ (t 5 • f 4 • t 5 S ) 
—^5 1 ' (*4 1 ' ^5 2 ' ^4 1 ) ' 4 2 ' (*4 ' *5 ' £4) ' (*4 ' £5 ' £4) 1 t 5 " 

=r 1 ■ (p 5 ■ r 1 ) ■ tf ■ (t 5 - 2 • ■ (tf ■ • r 

This completes the proof of Lemma 15.31 

□ 

For each s > 2, we define a sequence W s of elements of the mapping class group M.2 as follows: 

(*^l>*^_n*7l>*7s) ( s = 2), 



W. = 



, io, 2 , . . . , t as2 , tfs s l , t^9_ 1 , t-yj , fcy 2 ) (s > 3), 



where cti,f3j,jk C £2 are the images of oti,0j,^k C £2,1 by the natural inclusion £2,1 ^ ^2- By 
Lemma 15.11 15.21 and 15.31 there exists a genus-2 SBLF f s : M s — > 5 2 which has a section with self- 
intersection and satisfies Wf s — W s . 

Lemma 5.4. 711 (Ms) = Z. Moreover, a generator of the group 7Ti(M s ) is represented by the simple 
closed curve c\ in the regular fiber. 

Proof. Since f s has a section, it can be shown by Van Kampen's theorem that the group 7Ti(M s ) is 
isomorphic to the fundamental group of the union of the higher side and the round cobordism of f s . 
In particular, we obtain: 



7ri(£ 2 )/<C5,/3i,/3_i,7i,72 > (* = 2), 

7Ti(S 2 )/ < c 5 ,ai,a 2 , . . . ,a s _ 2 ,/3 s -i,/3-i,7i)72 > (s > 3). 



We identify the group t:i(M s ) with the above quotient group via the isomorphism. The group 7i"i(£2) 
is generated by the elements A; € ^(£2) (i = L 2, 3, 4), where Ai is represented by the loop Aj which 
is described as shown in Figure [TTJ 

Since C5, /3_i and 71 are free homotopic the loops A3, A3 • A 4 _1 and A3 _1 ■ A4 _1 ■ A2, respectively. So 
the elements A2,A3 and A 4 vanish in the group nx(M s ). The loops cn,f}j and 7& are free homotopic 
to loops represented by words which consist of only A2,A3,A 4 and their inverse. Thus, 7Ti(M s ) is 
generated by the element Ai. In particular, we obtain ■ni{M s ) = Z. The remaining statement holds 
since c\ is free homotopic to the loop Ai 

□ 
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Ai A 3 
Figure 11. 

By Lemma HOI we obtain the simply connected 4- manifold M s from M s by the following construc- 
tion: 

Step.l We hrst remove from M s the interior of the regular neighborhood of the regular fiber Fq of / s 
in the lower side. 

Step. 2 The boundary of M s \ Int(jAFo) is the trivial torus bundle over the circle. In particular, we 
obtain, 

Ttx(d(M s \ Int(^ ))) = miS 1 ) x 7n(T 2 ) =ZxZ 2 . 

Moreover, a certain primitive element fi in the group 7Ti(T 2 ) = 1? g ni(d(M s \ Int(z;.Fo))) is 
mapped to the generator of iri(M s \ Int(^Fo)) = Z by the natural homomorphism iri(d(M s \ 
Int(j/Fo))) — > iri(M s \ Int(i^Fo)). We can attach vFq to M s \ Int(^Fo) so that the attaching 
circle of the 2-handlc of vFq is along the simple closed curve which represents ([S 1 ],^) € 
iti(d{M s \ Int(^Fo))), where [S 1 ] e tti(S' 1 ) is the generator. We denote by M s the 4-manifold 
obtained by the above attachment. 
In other word, we obtain the manifold M s from M s by logarithmic transformation on Fq with multi- 
plicity 1. In particular, the BLF structure on M s \ Int(i^Fo) is naturally extended to that on M s . We 
denote this SBLF by f s : M s — > S 2 . We also remark that Kirby diagrams of M s and M s can be drawn 
as shown in Figure [T^] and H31 respectively, by using the method in [5] . The 2-handles corresponding 
to the vanishing cycles ai, ... ,a s -2 is in the shaded parts in Figure [T2l and Figure [T3l These parts 
are empty if s is equal to 2. 

The following theorem states that f s gives the explicit example of genus-2 SBLF structure on 
(t(s - 2)CP 2 . 

Theorem 5.5. For each s > 2, M s is diffeomorphic to the manifold jj(s — 2)CP 2 . 

Proof. We prove this theorem by Kirby calculus. A Kirby diagram of M s is shown in Figure 1131 
where the framing of the 2-handles drawn in the bold curves is 0, the framing of the 2-handle of vFq 
is described by the broken curve and the framings of the other 2-handles are all — 1 . We obtain Figure 
[14] by sliding several 2-handles to the 2-handle of the round 2-handle and isotopy moves give Figure 
[131 We next slide the 2-handles corresponding to the vanishing cycles a±, . . . , a s _2 to the 2-handle of 
the round 2-handle. We can eliminate the obvious canceling pair and we obtain Figure [TBI Sliding the 
2-handle corresponding to 72 to that corresponding to 71 gives Figure [TT1 We get Figure [18] by isotopy 
moves. By sliding the 2-handle corresponding to 71 to that corresponding to /3— 1, we obtain Figure 
[j"9l Isotopy moves give Figure [20] and Figure [21] is obtained by sliding the 2-handle corresponding to 
/3_i to the 0- framed meridian and isotopy moves. The diagram described in Figure [5T] can be divided 



:!() 
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into two components. We look at the left component in Figure [21] By sliding the outer 2-handle to 
the 2-handle of vFq , we can change the left component in Figure [21] into the diagram as described in 
Figure [2U Isotopy moves give Figure [23] and Figure [M] and we obtain the diagram in the left side of 
Figure [25] by canceling the obvious canceling pair. To obtain the diagram in the right side of Figure 
[231 we slide the — 1-framed 2-handle to the 1-framed 2-handle and then eliminate the canceling pair. 
Since the handle decomposition of M s has three 3- handles, the 0-framed unknots in Figure [35] can be 
eliminated. Eventually, we can change the diagram in Figure [5T] into the diagram in Figure 1261 The 
diagram in Figure [27] is same as in Figure [26] but the 2-handles in the shaded part are described in 
Figure [27] By isotopy moves, we get Figure [28] This diagram is similar to Figure 24 in [10]. By using 
similar technique to [10] . we can change the diagram in Figure [28] into s — 2 unknots with —1 framing. 
This completes the proof of Theorem 15.51 

□ 

As a result of Theorem 15.51 Theorem 11.51 holds. 
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Figure 12. a Kirby diagram of M s 




Figure 13. a Kirby diagram of M s 
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Figure 19. 





Figure 21. 
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Figure 26. 
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Figure 28. 



